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Discrete Fourier transform in arbitrary dimensions

by a generalized Beevers—Lipson algorithm
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The Beevers—Lipson procedure was developed as an economical evaluation of
Fourier maps in two- and three-dimensional space. Straightforward general-
ization of this procedure towards a transformation in n-dimensional space would
lead to n nested loops over the n coordinates, respectively, and different
computer code is required for each dimension. An algorithm is proposed based
on the generalization of the Beevers—Lipson procedure towards transforms in
n-dimensional space that contains the dimension as a variable and that results in
a single piece of computer code for arbitrary dimensions. The computational
complexity is found to scale as N log(N), where N is the number of pixels in the
map, and it is independent of the dimension of the transform. This procedure
will find applications in the evaluation of Fourier maps of quasicrystals and other
aperiodic crystals, and in the maximum-entropy method for aperiodic crystals.

1. Introduction

Numerical evaluation of Fourier transforms is an important
tool in crystallography. It includes the computation of various
types of Fourier map from experimental diffraction data and
the generation of a set of calculated structure factors from an
electron-density function as part of the maximum-entropy
method.

For crystals with three-dimensional (3D) translational
symmetry, the transform is three-dimensional. Aperiodic
crystals lack 3D translational symmetry. The structures of all
types of aperiodic crystal (quasicrystals, incommensurately
modulated structures and incommensurate composite crys-
tals) can be characterized by a periodic density function in
n-dimensional (nD) space with n > 4 (van Smaalen, 1995).
The crystallographic study of aperiodic crystals thus requires
Fourier transforms in nD space (Dusek & Petricek, 1998).

An efficient algorithm for a multidimensional Fourier
transform is provided by the Beevers—Lipson method when it
is combined with a 1D fast Fourier transform (FFT) (Immirzi,
1976). Originally, it was developed for the computation of the
electron density from the structure factors of 2D and 3D
periodic crystals. The usual implementation explicitly employs
the 3D nature of the transform (Bricogne, 1996). A straight-
forward generalization towards more than three dimensions
is possible, but it requires seperate computer code for each
dimension.

For nD crystallography, a computer program is only avail-
able for transforms up to n = 6 (Dusek & Petricek, 1998).
More than six dimensions are required for several modulated

crystals [e.g. «-U between 38 and 43 K (Walker, 1986; van
Smaalen & George, 1987) and (TaSe4),l in its multi-
dimensional charge-density-wave state (Lorenzo et al., 1993)
require n = 7] and for the modulated icosahedral quasicrystal
AlCuFe (n = 12) (Perez-Mato & Elcoro, 1994).

In this contribution, we describe a generalization of the
Beevers—Lipson algorithm towards more than three dimen-
sions, which results in a single piece of computer code that can
handle transforms of an arbitrary number of dimensions.

2. The n-dimensional Fourier transform

The problem is considered of the discrete Fourier transform in
nD space. To this end, the continuous electron density in the
nD unit cell is discretized on a symmetry-adapted grid of

Nyx =Ny X ... x N, 1)

pixels (Fig. 1). The origin of the unit cell is chosen to coincide
with the pixel (0,...,0). The coordinates of the pixels are
taken along the basis vectors of the unit cell and the shape of
each voxel is that of the Wigner—Seitz cell of the direct lattice
in nD space.

The structure factor of an aperiodic crystal (n>3) or a
periodic crystal (n = 3) is defined as the Fourier transform of
the electron density of one nD unit cell (Janssen et al., 1992;
van Smaalen, 1995):

FH) = fldx1 e }dxn p(x,) exp[2iH - x,], 2)
0 0
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where the scattering vectors in nD reciprocal space are
defined by

H=ha+...+h,a,. 3)

Position vectors in nD direct space are defined by their
coordinates (x,q, ..., x,,) with respect to the basis vectors of
the nD direct lattice:

X, = Xqa8, +...+x,a,. @)

p,(x,) is the generalized electron density in nD space and it is
periodic in each of its #n arguments. For n = 3, it is equal to the
real electron density in the crystal. For n > 4, the electron
density in real space follows as the 3D section of the gener-
alized electron density, perpendicular to the (n — 3) additional
coordinates (van Smaalen, 1995).

The discretized electron-density function is defined by the
values of p,(x,) on the grid of equation (1):

IOk = Ios(Xs(k))? (5)
with the coordinates of pixel (i, ..., i,) given by
X,(k) = (it/Nys - .o, i, /N,). (6)

Each pixel is identified by a single number &, which is defined
below. With these definitions, and expanding the exponential
function, the discrete Fourier transform is obtained as
(Bricogne, 1996)

N,—1

FH) = 3~ exp[2mih,i,/N,]

i =0
(Ny_1)—1

x 2

i1 =0
Ny—1

x > exp[2mihii, /Ni]p,(iy/Ny, .. -,

i1=0

exp[2mih, i, 1 /N,_41] % ...

i,/N,). (7)

Equation (7) forms the basis for the numerical evaluation of
the structure factors from a given electron-density function.
With a similar discretization of the Patterson function or other
functions defined on the unit cell, equation (7) forms the basis
for the computation of any Fourier transform that is relevant
in nD crystallography.

Figure 1
The symmetry-adapted grid on a hexagonal unit cell. The voxels have the
shape of a regular hexagon.

3. The n-dimensional algorithm

The Beevers-Lipson procedure is based on the observation
that the transform of one of the n coordinates is independent
of the transform of the other coordinates, as is made explicit
by the form of equation (7). For each of the N, X ... x N,
coordinates (0, i,, ..., i,), the first coordinate of p, is trans-
formed from i; space towards h; space by a 1D Fourier
transform. The resulting function is transformed from i, space
towards A, space for each of the coordinates (4,0, i3, ..., i,).
This process is repeated until the nth coordinate is trans-
formed and F(H) is obtained.

Direct implementation of this procedure results in
computer code that is dependent on the number of dimension
n. Also, as is suggested by equation (7), the use of an
n-dimensional array to store the values p, and F(H) will make
the code dependent on n. These problems are overcome if the
pixels are uniquely identified by a single integer k that runs
from 0 to N, — 1 [equation (1)] and that is used to assign the
values of p, to the elements of a 1D array.

Define k by

k=i +iN,+isNNNy+...+i,N,...N, ;. (8)

For the transformation of coordinate j (1 <j < n), a total
number of

P = H N, ©)
7
1D Fourier transforms have to be calculated. To define the

values of k involved in each of these 1D Fourier transforms,
the following sets of numbers are required:

S=11N (10)
I=j+1
j—1
s;i=[IN, (11)
=1
J
A= H N, (12)

forj=1,...,n. Note that P/‘ = Sisj for each j. The number of
large steps (S;) with step size A; and the number of small steps
(s;) with step size 1 together define the values of k that indicate
the first elements p, involved in the 1D transforms according
to

k= igA; +i (13)

for ig=0,...,8,—1 and i;=0,...,5;— 1. Each 1D trans-
form involves the N, elements p, with k values defined by

k =k, +is; (14)

forij:O,...,N/-—l.

Equations (8)-(14) form the basis for a modified Beevers—
Lipson algorithm:

(i) perform the following operations for each j, starting with
j =1 and ending with j = n;

(ii) cycle over the large steps;

(iii) cycle over the small steps;
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(iv) compute the 1D Fourier transform of the elements
defined in equation (14).
It follows that the Beevers—Lipson algorithm for different n
has been condensed into a single algorithm that contains n as
one of the variables. This has been made possible by explicitly
addressing the N,;, pixels by a single integer variable [equa-
tion (8)].

4. Results and discussion

The Beevers—Lipson procedure leads to a reduction of the
number of operations that has to be performed as compared to
the straightforward evaluation of the multidimensional
Fourier factor. The direct computation of the Fourier trans-
form requires (N, Ny.r) Fourier factors to be evaluated, where
N, is the number of Fourier coefficients that need to be
calculated. For each je{l,...,n}, the Beevers-Lipson
procedure requires N /N; 1D Fourier transforms, each of
which involves N;log(N;) evaluations of the Fourier factor.
The computational complexity of the Beevers—Lipson proce-
dure is thus found to scale as

Npix log(Npix)' (] 5)

Compared to the straightforward evaluation of the Fourier
transform, the Beevers—-Lipson procedure leads to a reduction
of the number of operations by a factor of the order of

Nre[/log(Npix)' (16)

It is noticed that equations (15) and (16) are valid exactly, as
long as the estimate N log N for the computational complexity

'n the dimension.
! p(0,---,Npix — 1) complex array containing
Pr -

! f(0,---,N;—1) complex array used for
the 1D Fourier transform.
do dimensions j=1 to n
do large-step [ =0 to (LS(j)—1)
ks =IA(j) -1
do small-step s=0 to (ss(j)—1)
ks =ks+ 1
do row m=0 to (N(j)—1)
k=ki+m
flm) = p(k)
enddo row
Perform the 1D Fourier-Transform of
f(0,--- N(j) — 1). The result is stored into
f(oaaN(.l) - 1) again-
do restore m=0 to (N(j)—1)
k=ki+m
plk) = f(m)
enddo restore
enddo small-step
enddo large-step
endo dimensions

Figure 2
Outline for a computer program for the Beevers-Lipson method in
arbitrary dimensions.

Table 1
Computer time in s used for the discrete Fourier transform by the
Beevers-Lipson approach.

The values of Nlog(N) were scaled by a factor of K = 420 ns.

n Nyix Ny x...xN, Time Nlog(N)
3 22 128 x 128 x 128 11

3 2% 128 x 128 x 128 91

4 220 32 x32x32x32 7 6

4 2% 64 x 32 x 32 x 32 12 13

4 22 64 x 64 x 32 x 32 28 27

4 2% 64 x 64 x 64 x 32 56 57

4 2% 64 x 64 x 64 x 64 118 118

5 2% 64 x 32 x 32 x32%x32 125

6 224 16 x 16 x 16 x 16 x 16 x 16 151

of a 1D FFT is valid. In particular, the Beevers—Lipson
procedure propagates the Nlog N behaviour of the 1D FFT
towards the whole map, independent of the number of
dimensions. It follows that the Beevers—Lipson approach leads
to a larger reduction of the number of operations with
increasing size of the problem.

The modified Beevers—Lipson algorithm has been incor-
porated into a Fortran-90 subroutine, which will be part of a
computer program for the maximum-entropy method in nD
space. An outline of this routine is given in Fig. 2. The actual
computer program was used for a series of test calculations on
a SGI Octane computer with ample RAM to retain all arrays
in memory, and with a 175 MHz R10000 CPU. The time
required for the transform is found to scale with N, log(N,;,)
in accordance with (15) (Table 1). The dependence on the
dimension » of the time required for the transformation can be
explained from the fact that the same value of N leads to
much smaller N; when 7 is increased and that the computa-
tional complexity of the 1D transform is greater than
N;log(N;) when N; is small.

In conclusion, we have derived an algoritm based on the
Beevers-Lipson procedure that leads to a piece of computer
code applicable to Fourier transforms in arbitrary dimensions.
The scaling law of the computational complexity [equation
(15)] is shown to follow the theoretical prediction. This
procedure will find applications in crystallographic studies of
quasicrystals and other aperiodic crystals.
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